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MINIMAL SURFACES IN QUASI-FUCHSIAN
3-MANIFOLDS
Biao Wang
Abstrat
In this paper, we prove that if a quasi-Fuhsian 3-manifold M
ontains a losed geodesi with omplex length L = l + iθ suh
that θ/l≫ 1, then it ontains at least two minimal surfaes whih
are inompressible in M .
1. Introdution
For any omplete hyperboli 3-manifold N , there is a holonomy rep-
resentation ρ : pi1(N)→ Isom+(H3) so that G := ρ(pi1(N)) is a disrete
subgroup of Isom+(H3) alled Kleinian group and N = H3/G. For any
torsion free Kleinian group G ⊂ Isom+(H3), the quotient H3/G is a
omplete hyperboli 3-manifold.
For a torsion free Kleinian group G, if its limits set Λ(G) ⊂ S2∞ is
a losed Jordan urve, i.e. Λ(G) is homeomorphi to the unit irle
S1, then G is alled a quasi-Fuhsian group, and M = H3/G is alled
a quasi-Fuhsian 3-manifold. The quasi-Fuhsian 3-manifold M has a
onvex ore, denoted by C (M), whih is the quotient of the onvex hull
of Λ(G). Topologially, M is homeomorphi to Σ × R, where Σ is a
nite type Riemann surfae with negative Euler harateristi. In this
paper, Σ is assumed to a losed surfae with genus > 2 exept in setion
4 where Σ denotes a hypersurfae in a Riemannian manifold.
Any quasi-Fuhsian 3-manifold M = Σ × R always ontains a mini-
mal surfae, say T , whih is inompressible in M (f. [And83, SY79,
Uhl83℄). Besides, K. Uhlenbek also proved that if the priniple ur-
vature of T is between −1 and 1, then T ⊂ M is unique and M an
be foliated by equidistant surfaes to T (f. [Uhl83℄). In this ase,
we proved that M admits a foliation suh that eah leaf is a surfae of
onstant mean urvature (f. [Wan08℄).
In this paper, we will prove the following theorem.
Mathematis Subjet Classiation. Primary 53A10, Seondary 57M05.
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Theorem 1.1. Let M = Σ × R be a quasi-Fuhsian 3-manifold, let
γ ⊂M be a simple losed geodesis γ with omplex length L = l+iθ, and
let S ⊂M \γ be an embedded losed surfae that is inompressible in M .
If θ/l≫ 1, then there exists a least area minimal surfae T ⊂M \γ that
is isotopi to S in M \γ, here T is of least area means if there is another
minimal surfae T ′ ⊂M \ γ isotopi to S, then Area(T ) 6 Area(T ′).
If a quasi-Fuhsian 3-manifold ontains more than one suiently
short simple losed geodesis, say γ1, . . . , γn, then we have a result sim-
ilar to Theorem 1.1, see Corollary 6.2 for detail.
The plan of this paper is as follows. In setion 2 we review the basi
properties of tubes, in setion 3 we disuss some properties of helioids in
H
3
, in setion 4 we prove one version of oarea formulae used frequently
in [CG06℄, and in setion 5 we introdue a tool alled shrinkwrapping
developed by Calegari and Gabai in [CG06℄, in setion 6 we prove The-
orem 1.1.
Aknowledgement. I would like to express my gratitude to my
advisor Profesoor Bill Thurston for his help, stimulating suggestions
and enouragement in the past several years.
2. Tubes of short geodesis
We onsider the upper half spae model of hyperboli 3-spae, that
is, a three-diemnsional spae
H
3 = {z + tj | z ∈ C, t ∈ R, t > 0}
whih is equipped with the (hyperboli) metri
ds2 =
|dz|2 + dt2
t2
,
where z = x + iy for x, y ∈ R. Let PSL2(C) denote the set of Möbius
transformations on H
3
. For any g ∈ PSL2(C), write
g(z) =
az + b
cz + d
, ∀ z ∈ C ,
then the Poinaré extension of g is given by
(2.1) g(z + tj) =
(az + b)(cz + d) + act2 + tj
|cz + d|2 + |c|2t2 .
In this paper, we are interested in the loxodromi elements, i.e. by
onjugay, g(z) = αz, where α = exp(l+ iθ) with l > 0 and 0 6 θ < 2pi.
The loxodromi transformation
(2.2) g(z + tj) = αz + |α|tj
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translates points on the t-axis by distane l and twists a normal plane by
angle θ. The omplex number L := l+ iθ is alled the omplex length of
g. Sine the trae of g is invariant under onjugate transformations, the
omplex length of g is also invariant under onjugate transformations.
Notie that g determines θ only up to a multiple of 2pi.
Now suppose γ is a simple losed geodesi in a omplete hyperboli
3-manifold N , then a lift γ˜ in H3 is the axis of a loxodromi element
g ∈ PSL2(C) representing γ. The hoie of dierent lift γ˜′ gives rise
to another element of PSL2(C) suh that two elements are onjugate in
PSL2(C). Two lifts γ˜ and γ˜
′
possesses a ommon perpendiular. Let
rmax(γ) be the maximal number r > 0 suh that Nr(γ˜) ∩Nr(γ˜ ′) = ∅ as
γ˜′ runs through all the lifts of γ dierent from γ˜, where Nr(γ˜) = {x ∈
H
3 | dist(x, γ˜) < r} is the r-neighborhood of the geodesi γ˜ in H3. We
all rmax = rmax(γ) the tube radius of γ. The (maximal solid) tube of γ
is dened by
(2.3) T(γ) = Nrmax(γ˜)/〈g〉 .
When l, the real length of γ, is suiently small, R. Meyerho found
a relation between rmax and l.
Theorem 2.1 ([Mey87℄). If γ is a losed geodesi in a omplete
hyperboli 3-manifold N , with omplex length L = l + iθ satisfying
(2.4) l 6
√
3
4pi
[log(
√
2 + 1)]2 ≈ 0.107 ,
then there exists an embedded solid tube around γ whose radius is given
by the following formula
(2.5) sinh2 rmax(γ) =
1
2
(√
1− 2κ(l)
κ(l)
− 1
)
,
where κ(l) = cosh(
√
4pil/ 4
√
3)− 1.
If a hyperboli 3-manifold N ontains more than one short geodesis,
we want the solid tubes of dierent geodesis to be disjoint. Fortunately,
R. Meyerho also proved the following theorem.
Theorem 2.2 ([Mey87℄). The solid tubes onstruted by (2.3) about
dierent short geodesis whose real length satisfy (2.4) do not interset.
3. Helioids in H
3
In this setion, we onsider the Lorentzian 4-spae L4, i.e. a vetor
spae R
4
with the Lorentzian inner produt
〈x , y〉 = −x1y1 + x2y2 + x3y3 + x4y4
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where x, y ∈ R4. The hyperboli spae H3 an be onsidered as the unit
sphere of L
4
:
H
3 = {x ∈ L4 | 〈x , x〉 = −1, x1 > 1} .
The helioid Ha is the surfae parametrized by the (u, v)-plane in the
following way:
(3.1) Ha =
{
x ∈ H3
∣∣∣∣∣
x1 = cosh u cosh v, x2 = coshu sinh v
x3 = sinhu cos(av), x4 = sinhu sin(av)
}
The axis of the helioid Ha is
(cosh v, sinh v, 0, 0) , −∞ < v <∞ ,
whih is the intersetion of x1x2-plane and the three dimensional hyper-
boloid. The rst fundamental form of Ha is
(3.2) I = du2 + (cosh2 u+ a2 sinh2 u)dv2 .
Intuitively, when a > 0 is suiently large, the helioid Ha will be-
ome unstable. Atually, Hiroshi Mori proved the following theorem.
Theorem 3.1 ([Mor82℄). Let Ha be the helioid as above, then it is
a minimal surfae in H
3
. Furthermore,
• Ha is globally stable if a 6 3
√
2/4,
• Ha is globally unstable if a >
√
105pi/8.
The unstability of Ha when a is suiently large is very important in
this paper. We also need the following lemma, whih shows that Ha is
a ruled surfae in H
3
.
Lemma 3.2 (Tuzhilin [Tuz93℄). Let Ha be the helioid as above, then
it is a ruled surfae, i.e. it is stratied into straight lines in the sense of
hyperboli metri.
Let γ be a losed geodesi in a hyperboli 3-manifold N , let g ∈
PSL2(C) be a loxodromi element with omplex length L = l + iθ
whih represents γ, and let γ˜ ⊂ H3 be the axis of g. Without of lose
generality, we may assume θ > 0. Write a = θ/l, let Hθ/l ⊂ H3 be the
helioid onstruted as above, and let
(3.3) Aθ/l =
Hθ/l ∩Nrmax(γ˜)
〈g〉 .
Lemma 3.3. The quotient surfae Aθ/l is a minimal annulus in the
tube T(γ), and its area is
(3.4) Area(Aθ/l) = 2
∫ rmax
0
(l2 cosh2 u+ θ2 sinh2 u)1/2du .
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Proof. For eah point p ∈ Hθ/l, the point g(p) ∈ Hθ/l is obtained by
twisting by angle θ and translating by distane l, so Hθ/l is invariant
under the yli group 〈g〉, the quotient surfae Aθ/l is an annulus in
T(γ). By Lemma 3.2 and oarea formula (4.2), the area of Aθ/l an be
omputed as follows:
Area(Aθ/l) =
∫ rmax
0
Length(Aθ/l ∩Nr(γ))dr
= 2
∫ rmax
0


∫ l
0
[
cosh2 r +
(
θ
l
)2
sinh2 r
]1/2
ds

 dr
= 2
∫ rmax
0
(l2 cosh2 r + θ2 sinh2 r)1/2dr .
Therefore the lemma is proved. 
Theorem 3.4. Suppose a losed geodesi γ in a omplete hyperboli
3-manifold N has omplex length L = l + iθ, let T(γ) and Aθ/l be
onstruted as above. If θ/l is suiently large, then
Area(Aθ/l) > Area(∂T(γ)) .
Proof. By Lemma 3.3, when θ/l≫ 1, we have the following estimate
Area(Aθ/l) > 2θ
∫ rmax
0
sinhu du = 2θ(cosh rmax − 1) .
Sine rmax(γ)→∞ as l→ 0, we have the estimate
Area(Aθ/l) > θ cosh rmax
if l≪ 1. On the other hand, the area of the torus ∂T(γ) is given by
Area(∂T(γ)) = 2pil cosh rmax sinh rmax .
As l → 0, we laim that l sinh rmax → 0. In fat, by Theorem 2.1, we
have the identity
l2 sinh2(rmax) =
l2
2
(√
1− 2κ(l)
κ(l)
− 1
)
,
where κ(l) = cosh(
√
4pil/ 4
√
3)− 1 = 2pil/√3 +O(l2). Therefore
l2 sinh2(rmax) =
l
2pi/
√
3 +O(l) ·
√
1− 2κ(l) − κ(l)
2
→ 0 ,
as l→ 0. Therefore when θ/l≫ 1, we have the estimate 2pil sinh rmax <
θ, whih implies the lemma. 
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Remark 1. The area of the meridian disk of T(γ) is 2pi(cosh rmax−1),
so the omputation in Theorem 3.4 also implies that the area of the
meridian disk is bigger than Area(∂T(γ)) when θ/l is suiently large.
Remark 2. From the omputation above, as l→ 0, we have
Area(∂T(γ))→
√
3
2
and Vol(T(γ))→
√
3
4
.
4. Coarea formula
The following oarea formulae (4.1) and (4.2) were used frequently in
[CG06℄ without proof. Sine the oarea formulae are very important in
this paper too, we give a proof here for onveniene, whih is also pretty
simple.
Lemma 4.1. Suppose Σ is a hypersurfae in a omplete Riemannian
manifold (N, g¯ij). Let p ∈ N be a xed point, for any point q ∈ Σ, dene
α(q) to be the angle between the tangent spae to Σ at q, and the radial
geodesi through q emanating from p. Then
(4.1) Area(Σ ∩Ns(p)) =
∫ s
0
∫
Σ∩∂Nt(p)
1
cosα
dldt .
Proof. Dene a funtion h : Σ → R by h(q) = dist(p, q), where
dist(·, ·) is the distane funtion on N . Then, by the standard oarea
formula (f. [SY94, p. 89℄), we have
Area(Σ ∩Ns(p)) =
∫ s
0
∫
Σ∩∂Nt(p)
1
|∇Σh| dldt .
Sine ∇h = (∇h)⊥ + (∇h)‖ = ∇⊥h + ∇Σh and |∇h|g¯ij = 1, one has
|∇Σh| = cosα. 
Remark 3. If γ is a simple losed geodesi in N , then we still have
the following oarea formula
(4.2) Area(Σ ∩Ns(γ)) =
∫ s
0
∫
Σ∩∂Nt(γ)
1
cosα
dldt .
5. Shrinkwrapping
In this setion, we use a tehnial tool, alled shrinkwrapping de-
veloped by Calegari and Gabai in [CG06℄, to nd minimal surfaes in
quasi-Fuhsian 3-manifolds ontaining a very short simple losed geo-
desi. Roughly speaking, given a simple losed geodesi γ in a quasi-
Fuhsian 3-manifold M and an embedded surfae S ⊂M \ γ, a surfae
T ⊂ M is obtained from S by shrinkwrapping S rel. γ if it homotopi
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to S, an be approximated by an isotopy from S supported in M \ γ,
and is least area subjet to these onstraints.
Denition 5.1. Choose some positive σ so that Nσ(γ) ⊂ M is an
embedded solid torus , for 0 6 t < 1 we dene a family of Riemannian
metris (M,gt) in the following manner.
Let h : Nσ(1−t)(γ) → [0, σ(1 − t)] be the funtion whose value at a
point p is the hyperboli distane from p to γ. Let φ : [0, 1] → [0, 1] be
a C∞ bump funtion given by
φ(t) =


0, t ∈ [0, 1/4],
stritly inreasing, t ∈ [1/4, 1/3],
1, t ∈ [1/3, 2/3],
stritly dereasing, t ∈ [2/3, 3/4],
0, t ∈ [3/4, 1] .
We dene a metri gt on M :
• gt agrees with the hyperboli metri on M \Nσ(1−t)(γ);
• gt is onformally equivalent to the hyperboli metri on Nσ(1−t)(γ),
whih is more preisely given by the ratio
gt length element
hyperboli length element
= 1 + 2φ
(
h(p)
σ(1 − t)
)
.
Lemma 5.2 ([CG06℄). The gt metri satises the following proper-
ties:
(i) For eah t there is an f(t) satisfying 23 σ(1− t) < f(t) < 34 σ(1− t)
suh that the union of tori ∂Nf(t)(γ) are totally geodesi for the gt
metri.
(ii) The restrited metri gt|Nσ(γ) admits a family of isometries pre-
serving γ and ats transitively on the unit normal bundle (in M)
to γ.
(iii) The area of a disk rosssetion on Nσ(1−t) is O((1− t)2).
(iv) The metri gt dominates the hyperboli metri on 2-planes. That
is, for all 2-vetors ν, the gt area of ν is at least as large as the
hyperboli area of ν.
Lemma 5.3 ([CG06℄). Let M , γ and S be as in the statement of The-
orem 1.1. Let f(t) be a funtion given in Lemma 5.2 so that ∂Nf(t)(γ)
is totally geodesi with respet to the gt metri. Then for eah t, there
exists an embedded surfae St isotopi in M \Nf(t)(γ) to S, and whih
is globally gt-least area among all suh surfaes.
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Proof. By Lemma 5.2, the surfaes ∂Nf(t)(γ) are totally geodesi
with respet to the gt metris, therefore these surfaes an at as barrier
surfaes. As a quasi-Fuhsian 3-manifold, M has a ompat onvex ore
C (M) whose boundary onsists of two inompressible surfaes whih are
onvex with respet to the inward normal. Let
Mt = C (M) \Nf(t)(γ) ,
thenMt is a ompat manifold with mean onvex boundary. We assume,
after a small isotopy if neessary, that S does not interset Nf(t)(γ) for
any t ∈ [0, 1], therefore S is an inompressible surfae in Mt. Then
Meeks-Simon-Yau's main theorem in [MSY82℄ implies that there exists
a globally least area surfae St with respet to the metri gt. 
6. Proof of Theorem 1.1
Lemma 6.1. Suppose γ is a losed geodesi in a omplete hyperboli
3-manifold M , let C be a simple null-homotopti urve on ∂Nr(γ) with
Length(C) < 2pi sinh r, here r > 0 is hosen so that the r-tube Nr(γ)
is embedded, then C bounds an embedded least area disk-type minimal
surfae ∆ ⊂ Nr(γ) \ γ.
Proof. Suppose C bounds a disk D ⊂ ∂Nr(γ), then the diameter of
D, denoted by diam(D), with respet to the indued metri on ∂Nr(γ)
is < pi sinh r; otherwise we have Length(C) > 2pi sinh r, whih implies a
ontradition.
Sine the longitudes Aθ/l ∩ ∂Nr(γ) divide the torus ∂Nr(γ) into two
semi-tori R±, and reall that the length of the meridian of ∂Nr(γ)
is 2pi sinh r, so D must be ontained in one of the semi-tori, say R+.
These longitudes bound a minimal annulus Aθ/l(r) := Aθ/l ∩ Nr(γ),
then R+ ∪ Aθ/l(r) is mean onvex with respet to the inward normal,
by a result in [MY82a, MY82b℄, we know that C bounds a least area
disk ∆ ontained in the semi-tube bounded by R+ and Aθ/l(r), and any
suh least area disk is properly embedded. The minimal disk ∆ annot
interset Aθ/l(r), sine the latter is a barrier surfae. In partiular, ∆
must be disjoint from the losed geodesi γ ⊂ Aθ/l(r). 
Remark 4. If γ is very short and r ∈ [rmax/4, rmax/2], where rmax
is the tube radius of γ, then Lemma 6.1 an be proved without using
Meeks-Yau's result.
• The existene of ∆ is from J. Douglas, T. Radó and C. B. Morrey.
• If ∆ intersets γ, then ∆ ontains an intrinsi disk Br of radius
r, and Area(Br) > 2pi(cosh r − 1). Sine D must be ontained
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in a semi-torus, we have Area(D) 6 pil sinh r cosh r. Therefore
2pi(cosh r − 1) 6 pil sinh r cosh r. This is impossible when rmax is
suiently large.
• If ∆ 6⊂ Nr(γ), then the same argument as above tells us that
∆ ⊂ N2r(γ), and so there exists r0 ∈ (r, 2r) suh that ∂Nr0(γ)
touhes ∆ for the rst time from outside, but this is impossible by
maximum priniple.
Therefore C bounds a least area minimal disk ∆ ⊂ Nr(γ) \ γ.
Now we an prove Theorem 1.1.
Proof of Theorem 1.1. Let σ < rmax/2 be a onstant, where rmax
is the tube radius of γ that will be determined later. By Lemma 5.3, we
an onstrut gt-least area minimal surfae St that is isotopi to S for
t ∈ [0, 1).
Claim. Suppose θ/l≫ 1, then there exists a onstant ε = ε(l, θ) suh
that St ∩Nε(γ) = ∅ for all t that is suiently large.
Proof of Claim. At rst, by Lemma 6.1, there exists a onstant
ε > 0 depending only on rmax suh that for any simple loop C ⊂ ∂Nr(γ)
with Length(C) < 2pi sinh r, eah least area disk ∆ ⊂ Nr(γ) bounded
C is ε away from γ, i.e. dist(∆, γ) > ε, where r ∈ [rmax/2, rmax]. Next
hoose t suiently large suh that σ(1− t) < ε.
For any t ∈ [0, 1), St∩T(γ) is either empty or the union of annuli and
disks, otherwise St would be not inompressible. For any suiently
large t ∈ [0, 1), if St ∩Nrmax/2(γ) = ∅, then we are done; so we assume
St ∩Nrmax/2(γ) 6= ∅ , for all large t ∈ [0, 1) .
We don't need worry about the null-homotopi loops on ∂Nr(γ) with
(hyperboli) length < 2pi sinh r for all r ∈ [rmax/2, rmax]. In fat, sup-
pose ∆ ⊂ St ∩Nr(γ) is a disk suh that Length(∂∆) < 2pi sinh r, then
∂∆ bounds a least area minimal surfae ∆′ ⊂ Nr(γ) \ Nε(γ) with re-
spet to the hyperboli metri, whih is also a gt-least area disk sine
σ(1− t) < ε, this implies ∆ = ∆′. So ∆ is disjoint from Nε(γ).
Now we an assume that for any r ∈ [rmax/2, rmax], the boundary of
eah omponent of St ∩ Nr(γ) whih is a disk has length > 2pi sinh r.
By Lemma 5.2 and oarea formula (4.2), we have estimate
Area(St ∩ T(γ), gt) > Area(St ∩ T(γ))
> Area(St ∩ (T(γ) \Nrmax/2(γ)))
>
∫ rmax
rmax/2
Length(St ∩ ∂Ns(γ)) ds ,
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here Area(·, gt) means gt-area and Area(·) means hyperboli area. There
are two ases:
(i) if St ∩Ns(γ) has a omponent that is an annulus, then
Length(St ∩ ∂Ns(γ)) > Length(Aθ/l ∩ ∂Ns(γ))
= 2(l2 cosh2 s+ θ2 sinh2 s)1/2
> 2θ sinh s ,
(ii) if St ∩Ns(γ) has a omponent that is a disk, then by assumption,
Length(St ∩ ∂Ns(γ)) > 2pi sinh s .
When θ/l ≫ 1, so rmax ≫ 1 and l sinh rmax ≪ 1, then we have the
following estimates
Area(St ∩ T(γ)) > 2c(θ)
∫ rmax
rmax/2
sinh s ds > c(θ) cosh rmax
where c(θ) = min{θ, pi}, and
Area(∂T(γ)) = 2pil sinh rmax cosh rmax < c(θ) cosh rmax .
Reall that gt metri is equal to the hyperboli metri outside Nσ(1−t)(γ)
and σ(1− t) < ε, thus we have
Area(St ∩ T(γ), gt) > Area(∂T(γ), gt) .
Now we an use utting and pasting, i.e. replae eah omponent of
St ∩ T(γ) by either an annulus or a disk on ∂T(γ), to get a new surfae
S′t ⊂M \Nε(γ) having the following properties
• Area(S′t, gt) < Area(St, gt),
• S′t ∩Nε(γ) = ∅, and
• S′t is isotopi to S in M \ γ.
So St must be disjoint from Nε(γ) for all suiently large t. 
By the Claim above, we see that St is a least area minimal surfae
with respet to the hyperboli metri and St ∩ Nε(γ) = ∅, where ε is
a onstant independent of t for all suiently large t, therefore all of
them must be the same surfae when t is suiently large. As t→ 1, we
get a least area minimal surfae T satisfying the onditions list in this
theorem. 
Corollary 6.2. Let Γ = {γi}ni=1 ⊂ M be the olletion of mutually
disjoint simple losed geodesis, with omplex length Li = li +
√−1 θi,
suh that θi/li ≫ 1 for 1 6 i 6 n, and let S ⊂ M \ Γ be a losed
embedded inompressible surfae in M , then there exists a least area
minimal surfae T ⊂M \ Γ suh that T is isotopi to S in M \ Γ.
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In partiular, M ontains at least 2n minimal surfaes, whih are
inompressible, and whih are not isotopi to eah other in M \ Γ.
Proof. By Theorem 2.2, the tubes T(γ1),T(γ2), . . . ,T(γn) are mutu-
ally disjoint, so replae γ by Γ in the proof of Theorem 1.1, we an prove
the rst part of the orollary in the same way.
For the seond part, J.-P. Otal proved in [Ota03, Theorem B℄ that
Γ is unlinked in the following sense: There exists a homeomorphism
between M and Σ × R suh that eah omponent of Γ is ontained in
one of the surfaes Σ × i, 1 6 i 6 n. Therefore the (inompressible)
surfaes in M \ Γ an separate Γ in
1 +
(
n
1
)
+
(
n
2
)
+ · · ·+
(
n
n− 1
)
+ 1 = 2n
ways suh that they are not isotopi to eah other in M \Γ. By the rst
part, we have at least 2n minimal surfaes. 
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